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Abstract. An equation, we call Dirac 7-equation, is introduced with the help of the 
mathematical tools connected with the Clifford algebra. This equation can be consid- 
ered as a generalization of the Dirac equation for the electron. Some features of Dirac 
7-equation are investigated (plane waves, currents, canonical forms). Furthermore, on 
the basis of local gauge invariance regarding unitary group, a system of equations is 
introduced consisting of Dirac 7-equation and the Yang-Mills or Maxwell equations. 
This system of equations describes a Dirac's field interacting with the Yang-Mills 
or Maxwell gauge field. Characteristics of this system of equations are studied for 
various gauge groups and the liaison between the new and the standard constructions 
of classical gauge fields is discussed. 
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1. Introduction. 

Soon after the finding of Dirac's famous equation for the electron in 1928 
[10], several papers appeared H. Weil [1] and V. A. Fock [2], among oth- 
ers, in which the electromagnetic field was described as a gauge field of 
the Dirac equation required from demanding of local gauge invariance 
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with respect to a phase transformation (Abelian U(l) gauge group) 
of the Dirac's lagrangian. Further development of this approach allow- 
ing for the non- Abelian gauge fields after the work of Yang and Mills 
(1954) [3] considering the group of "isotopic" transformations (gauge 
group SU(2)). Their work was soon generalized to a wider class of Lie 
groups. Non-Abelian gauge fields began to be named Yang-Mills fields, 
whereas the equations describing them were named Yang-Mills equa- 
tions. In modern physics such fields are used in models of electroweak 
and strong interactions. In the present article an equation, we call Dirac 
7-equation, is introduced with the help of the mathematical tools con- 
nected with the Clifford algebra. This equation can be considered as 
a generalization of Dirac equation for the electron. Certain features 
of Dirac 7-equation are investigated (plane waves, currents, canonical 
forms) . Further on the basis of local gauge invariance regarding unitary 
group a system of equations is introduced consisting of Dirac 7-equation 
and equations of Yang- Mills or Maxwell type. That system of equations 
describes Dirac's field interacting with gauge fields of Yang-Mills or 
Maxwell type. Characteristics of this system of equations are studied 
for various gauge groups and the liaison between the new and standard 
constructions of classical gauge fields is discussed. Some ideas proposed 
in [8, 9, 21] are used in the article. Certain elements of the construction 
proposed could be found in the works of Hestenes [6], Casanova [30], 
Kahler [19], Pestov [14], Pezzaglia and Differ [17]. A good review of the 
techniques related to the Clifford algebra and a comprehensive bibliog- 
raphy can be found in Keller's article [7, 23]. Sign , will mark the end 
of the proof of a theorem or emphasize the lack of such proof which 
means that the proposition can be proved by direct computation. In a 
number of cases the author used the computer for analytic calculations. 
See also [31]. 

1.1. Beyond the Standard Dirac Equation. 

Let us consider the standard Dirac equation and its generalizations. A 
vector 

x = (x°, x 1 , x 2 , x 3 ) £ M 4 defines a point in space-time, x° - time coor- 
dinate, x 1 , x 2 , x 3 - space coordinates and = <9/<9x M , ji = 0, 1, 2, 3 are 
partial derivatives. A Klein-Gordon equation for a function cf) = <p(x) 

( 9o 2 _ Q2 _ Q2 _ Q 2 + m 2 )(j) = Qj (L1) 
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where m - nonnegative real number, describes particles with spin and 
mass m. For a description of spin 1/2 particles (electrons) P. A. M. Dirac 
suggested a system of equations of first order that he obtained by for- 
mally factorizing the Klein-Gordon operator 

(i 7 ^ + m)(i 1 v d v -m) = -(d 2 - d x 2 - 8 2 2 - 8 3 2 + m 2 ), (1.2) 

where 7 M , fx = 0, 1, 2, 3 are algebraic objects that satisfy the relations 

7 Y+7Y = 2r, H," = 0,1, 2, 3 (1.3) 

with Minkowski tensor g = (g^ u ) = diag(l, —1,-1,-1). 7^ can be faith- 
fully represented by square matrices of order no less than four. We shall 
use the following "standard" representation for the 7^: 



U ->J' yt = W )• fc = 1 - 2 - 3 
Mo ?)• -'-(? i). -"-(J 7). °> = (l -°i 

(1-4) 

which is often called the Dirac representation (c fc - Pauli matrices). Let 
1 denote the identity 4 x 4-matrix. The 16 matrices 

1; 7", < // < 3; 7^ = 7^7", < \i < v < 3; 
7 ^A = 7 /* 7 " 7 \ 0< fI<1 y<\<3; 7 0123 = 7°7 1 7 2 7 3 , ^ ' 

are linear independent and form a basis of .M(4, C) - algebra of four 
dimensional complex matrices. 
The Dirac equation has a form 

(i'fd^ - ml)ip = 0, (1.6) 

and if we consider the aggregate in brackets as a 4 x 4-matrix, then 
ip = ip{x) must be a matrix with four lines and an arbitrary number of 
columns. The identity (1.2) asserts that all the components of the matrix 
tp (if they are smooth enough) satisfy the Klein-Gordon equation. 
With the same result one can use the equation 

(iVfy + ml)^/ = 0. (1.7) 

If we multiply it from the left by 7 0123 and define tp = 7 0123 ?// , we obtain 
(1.6) (7 0123 anticommute with 7^). 
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We shall call the equation (1.6) with one column matrix ip the stan- 
dard Dirac equation, ip is called bispinor or Dirac spinor. One can also 
consider the equations (1.6) with I > 1 columns in matrix ip. For differ- 
ent purposes physicists have used the Dirac equation (1.6) with different 
numbers of columns in ip. The following list does not lay claim for com- 
pleteness and indisputability: 
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/ = 1: Spin 1/2 particles in quantum electrodynamics (a gauge field 

theory with U(l) symmetry group). 
/ = 2: Spin 1/2 particles in theory of electroweak interactions (SU(2) 

gauge field theory). 
/ = 3: Spin 1/2 particles in theory of strong interactions - quantum 

chromodynamics ( SU(3) gauge field theory). 
/ = 4: The Dirac equation (1.6) with I = 4 is called a Rarita-Schwinger 

equation. It is used for a description of spin 3/2 particles. 
/ = 5: Georgi and Glashow [4] have suggested SU(5) gauge field theory 

as Grand Unified Theory (GUT). 
/ > 6: SU(/) gauge field theories are developed by physicists as GUT. 

Let us note, that usually in theoretical physics people uses columns 
(spinors) with 4/ components, but not 4 x /-matrices, as wave functions 
(nevertheless, see Casanova [30]). One can easily establish an equivalence 
between the Dirac equation for 4/-bispinor and the Dirac equation for 
4 x /-matrix. 

There is an evident algebraic generalization of the identity (1.2) 

(^^+m(zl-y 7 0123 ))(z 7 ^ i ,-m(zl+y 7 0123 )) = -(d 2 -d 1 2 -d 2 2 -d 3 2 +m 2 ), 

(1.8) 

where z, y are complex constants and z 2 +y 2 = 1. It leads to the equation 

(iVfy - m(zl + y 7 0123 ))V> = 0, (1.9) 

We can consider the factorizations (1.2), (1.8) of the Klein-Gordon oper- 
ator as one of many possible methods of a reduction of the Klein-Gordon 
equation of second order to a system of equations of first order (see 
Keller [7, 23]. There is another method of such a reduction that leads 
to the following system of equations of first order: 

iVfytf - m(*iV + 7 0123 *.FQ = 0, (1.10) 

Theorem 1. If the matrix ^ = \l/(x) from M(A,C) with twice contin- 
uously differentiable elements is a solution of (1.10), where the matrices 
N,K € M(A,C) are not depend on x and satisfy the relations 

[N, K] = NK - KN = 0, N 2 + K 2 = l, (1.11) 
then the matrix is also a solution of the Klein-Gordon equation. 
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Proof. Let us consider an action of the operator ij^d^ from left to the 
equation (1.10) 

{i^d^H - mii'fa^N + m-f 0123 (i^d^)K = 



and use the relations (ij^d^) 2 
m(*iV + 7 0123 ^K) and (1.11) 



(d z - OS - <V - ds z ), »7"fy* = 
As a result we get the Klein-Gordon 

2\ 



equation -(d z - d x A - d 2 z - d 3 2 + m z )V = 

The formula (1.10) gives us a set of equations that depend on two 
matrices N, K with the relations (1.11). How to describe all matrix pairs 
N, K that satisfy (1.11)? If we write the matrix N using a Jordan normal 
form, then we can find all the corresponding matrices K by doing an 
elementary calculation [5]. Such a way leads to the 15 classes of pairs 
N, K that depend on several parameters. 

Example 1. The matrices 

TV = Fdiag(zi,z 2 ,Z3,z 4 )^\ K = Vdi a g( yi ,y 2 ,y3,y4)V-\ (1.12) 

where Zk 2 + yu 2 = 1, V- nondegenerate matrix from M(4,C), satisfy 
(1.11). 



Example 2. The matrices 



N = V 



(z 1 0\ 

z 1 

z 1 

\0 zj 



v 



K = V 



(y a b 

y a b 

y a 

\0 yj 



V 



where z 2 + y 2 = 1, y / 0, a = —z/y, b = -l/(2y 3 ), c = -z/(2y 5 ) and 
V— nondegenerate matrix from A4(4,C), satisfy (1.11). 

Let us consider a solution \£ of (1.10) with the matrices TV, K from 
the example 1 and connect it with the solutions of the standard Dirac 
equation. The columns of the matrix V denote by Vk (k = 1,2,3,4). 
Then v k are the eigen vectors of TV corresponding to the eigen values 
Zfc. Simultaneously, v k are the eigen vectors of K corresponding to the 
eigen values t^. So, if we multiply (1.10) from right by and denote 
tpk = then we come to four equations 



i-fd^k - m(z k l + y fc7 )^fc = 
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that have the form (1.9), or (1.6). 

An equation (1.10), where \I/ is a 4 x /-matrix (I = 1, 2, . . .) and N, K 
are I x /-matrices, was studied in [21]. The Rarita-Schwinger equation 
can be considered as a special case of the equation (1.10) when N = 

1, K = 0. 

Our aim in this paper is to develop a gauge field theory for the 
equation (1.10). In the next section we describe some mathematical 
tools connected with the Clifford algebra, which we shall use in our 
approach to a gauge field theory. 

2. Clifford Algebra and Spinor Groups. 

In this section, for the sake of clarity and notation, we give necessary 
algebraic material which otherwise is known to specialists (see, for exam- 
ple, [18, 20]). This makes the present article almost self contained from 
the Clifford algebra point of view. 

2.1. Clifford Algebra. 

Let £ be an n-dimensional real vector space with the basis vectors 
e 1 , . . . , e n and g = (g i -')i ! j=i t ... t n is a given real symmetric nondegenerate 
matrix that we call metric (metric tensor) of the vector space £. Let us 
introduce a 2 ra -dimensional real vector space V, which contains £ , with 
the basis consisting of 2™ vectors numbered by the ordered multi-indices 
(e is the scalar unit of the algebra) 

e, e\ e hi \ . . . , e 1 -™, 1 < i < n, 1 < h < i 2 < n, ... (2.1) 

Let us define a multiplication of vectors of V with the aid of the following 
rules: 

1) (aU)V = U(aV) = a(UV) for MU, V G V, a G M 

2) (17 + V)W = UW + VW, W(U + V) = WU + WV for 
VC7, V, W £ V 

3) (UV)W = U(VW) for VU, V, W G V 

4) eU = Ue = U for V£7 G V 

5) e l e J + e J e l = 2g l ^e for i, j = 1, . . . ,n 

6) e 11 . . . e lfc = e lx -- %k for 1 < i\ < ■ ■ ■ < < n. 

Using these rules one can compute a result of multiplication of arbi- 
trary vectors of V. The vector space V with the defined multiplication of 
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vectors is an associative algebra, that is called (a real) Clifford algebra 
of the vector space £ with the metric g and denoted by T = T(g). If 
the matrix g is diagonal with p pieces of +1 and q pieces of —1 and 
p + q = n, then the corresponding Clifford algebra is denoted by T(p, q), 
and by T(n) if q = 0. The basis vectors e 1 . . . e n are called the gener- 
ators of Clifford algebra. The elements of Clifford algebra V are called 
7- numbers. 

Remark. The Clifford algebra was introduced in the year 1878 by the 
English mathematician W. K. Clifford [15] in his analysis of the Grass- 
mann papers, making them accesible and more standard in notation; 
who called it geometrical algebra. We shall use the term "7-number" 
short of the term "geometrical number." The Dirac 7-matrices (1.4) 
are, in particular, 7-numbers. 

7-numbers X^!<— <i k u h...i k eH '" tk are called 7-numbers of rank k; a 7- 
number ue of rank is identified with the scalar u; a 7-number ui... n e L " n 
of rank n is called a pseudoscalar. The sets of 7-numbers of ranks k = 

k 

0,1, ... ,n are the subspaces r of T 

1 n 

r=r©re---er=r©r, (2.2) 

..0 2 -13 1 

where r =T © V © . . ., T =T © V © . . ., T= £ ■ The dimension of the 

vector space r equals the binomial coefficient and J2k=o = 
The dimensions of T and T are equal to 2 n_1 . Elements of T are called 
even 7-numbers and elements of T are called odd 7-numbers. Sometimes 
it is convenient to explicitly indicate a rank or an evenness of 7-number 

k k 

in its notation - UGT, U G f , U G f . If U G V, then from (2.2) we get 

U = J2 U= U + U. 

k=0 

k k k k 

We shall use the projection operators it: T -^T such that vr (U) =U- 
A multiplication of two 7-numbers of ranks k and s gives the sum of 
7-numbers of ranks from \k — s\ to p = mm(k + s, 2n — k — s) with 
increment 2 

k s \k-s\ |fc-s|+2 p 

uv= w + w + ■ ■ ■ + W ■ 
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Evidently UV, UV G f ; UV, UV £ f and so, T is Z 2 -graded algebra. 
A set of even 7-numbers T is a subalgebra of T that is called the even 
Clifford algebra. 

An important property of the Clifford algebra T is given by the for- 
mula 

( Ui e 1 ) 2 = (g tJ UiUj)e, 
1 

that is the square of every vector from T= £ is a scalar. Usually the 
metric g is diagonal with ±1 on the diagonal. 

Let us define a conjugation of 7-numbers using the following rela- 
tions: 

(e h ... e ik )* = e ik ...e h . Then 

(UV)* = V*U*, U** = U for \/U, V G T. (2.3) 

k fc(fc-i) k 

then (l/)* = (-1) - 5~ U. 

Let A be a finite-dimensional algebra and T_4 be a tensor product 
A® I\ We can consider as a set of 7-numbers of the following form 

u <g> e + Ui <g> e l -\ h ui... n (g> e 1 - 71 = ue_A + Uie\ -\ h -ui... n e;4' n 

with the coefficients u, u^, . . . from A. In A <8> T the basis vectors of „4 
commute with the basis vectors of T, where we shall use a convention 
that an index A in Ui 1 ,, / i k e t ^" lk means that 7-numbers belong to T_4 

fJ>i 1 ...i k £ A and ^ix-.-ih^A k = k ^ii---ik = "ii-.-ifc ® ^ 1 fc . 

When „4 = C - the field of complex numbers, then an index C in the 
basis vectors notations may be omitted e^"' %h = e ll '" lk and the algebra 
Tc is called 

a complex Clifford algebra. A multiplication of the elements of T_4 is 
defined 

uv = (w,,.,^^,.^)^^ 1 --^^ 1 --^), u = Ull ... lk ^x-'\ v = o,..,.^-"*- 

If 4 is an associative algebra with unit element, then is also an 
associative algebra with unit element. 
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Remark. In the case of a diagonal metric a complex Clifford algebra 
Tc(p, q) is trivially isomorphic to I"c(n). This is because the generators 
e k with the property (e k ) 2 = — e can be replaced by the generators 
e k = ie h . 

If a — > a is a conjugation operator in the algebra A such that ah = 
ba, a = a, then we may introduce a conjugation operator U — ► J7* in 1^4 
using the formula {/* = i k e % \ ■ ■ ■ for [/ = Uj x i fe e^'" lfe . Evidently 
(ETV)* = V*?7*, U** = U for [/, V £ T A and 17* = U* for 17 G T. 

It should be pointed out that there is a possibility to define the 
different conjugation operators U — > TU*T~ 1 , U G T_4 that depend on 
invertible 7-number T G with the property T = T* or T = —T*. 

Let us consider the properties of a transformation F — ► UVU* that 
depend on some fixed J7 G I\ 

Theorem 1. 

i; IfUeT, thenUTU* cr. 

2) IfU andn< 4, t/ien U V U* and UU* = U*U. 

1 1 

3) IfUeT and n < 4, i/ten U T U* Cr, "/-numbers U and U* , 
generally speaking, do not commute. 

4) 7/n < 5, ?7 G f , C/[/* = e, tften UVU* cf. 

5) If n < 5, U G r, J7J7* = e one? f/ie metric g is diagonal, then 

uru*cr, fc = o,...n. 

Remark. There is a reason to suppose, that when n = 6 and 5 is a 

11 

diagonal metric, the conditions {7 G r(<?), J7J7* = e, J7 T J7* imply 

[/f[/*cf, fc = 2,...n. 
But we have not checked it. 

2.2. Spinor Groups. 

Definition. The set of even j-numbers F G T such, that FT 1 * = 
e, F£F* Q £ is a group (with respect to multiplication) that is called 
spinor group and denoted by Spin(g). 
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As a consequence of the proposition 4) of theorem 1 we get that for 
n < 5 group Spin(<7) can be defined in a more simple way 

Spm(g) = {F G f(g) : FF* = e}. 

For F G Spin(g) the mapping £ — > F£F* conserves the metric g of 
the vector space £. That means if {/ = uie 1 G 5, then 1/ = FUF* = 
Vie 1 G £ and f/ 2 = V 2 = (g^UiUj)e = (g^ViVj)e. This is a most impor- 
tant property of spinor groups. 

Let us consider in more details a case when the matrix g is diagonal 
with p pieces of +1 and q pieces of —1 on the diagonal and p + q = n. 
A corresponding spinor group is denoted by Spin(p, q) and by Spin(n) 

l l 

when q = 0, As for F G Spin(p, q) the mapping \J— > F JJ F* oi £ into 
itself conserves the metric, then we get the homomorphism 

/ : Spin(p,g) -> 0(p,g). 

The kernel of / consists of —1 and 1. The range of / depends on the 
numbers p, q: if q = 0, then 0(p,q) = 0{n) and /(Spin(n)) = SO(n). 
That means 

Spin(n)/{±1} = 50(n). 
If p > 0, g > then /(Spin(p, g)) = SO + (p, q), that means 

Spm(p,q)/{±l} = SO + (p,q), 

where SO + (p, q) is a connected component of unity element of the group 
SO(p,q). 

We shall use the following theorem. 
Theorem 4 [13]. The spinor groups 

Spin(2), Spin(3), Spin(4), Spin(5), Spin(6) 

are isomorphic to the unitary groups 

U(l), Sp(l)~SU(2), SU(2)xSU(2), Sp(2), SU(4) 

respectively , 
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2.3. Minkowski Metric. 

From this subsection on we shall consider the case n = 4 and g— 
Minkowski metric 

g = W=o,i,2,3 = diag(l, -1, -1, -1). 

We shall use Greek indices fi,u,... with values 0,1,2,3. £ is a four 
dimensional vector space with the basis vectors e^; T = T(l, 3) is a 16- 
dimensional Clifford algebra; Tc = Tc(l,3) is corresponding complex 
Clifford algebra. An arbitrary 7-number U G T, (U G Tc) can be written 
as a linear combination of the basis vectors of T with the real (complex) 
coefficients 

U = ue + + + J2 ^ vX e^ x + u 5 e 5 , (2.5) 

where e 5 = e 0123 , (e 5 ) 2 = — e, U5 = ^0123- The pseudoscalar e 5 commute 
with even 7-numbers and anticommute with odd 7-numbers. Algebra T, 
as a vector space, can be decomposed into a direct sum of its subspaces 

01234... - 024.13 

r =r e r © r e r e r= rer, where r=r©r©r, r=r©r. 

12 3 4 

The dimensions of the spaces r, T, T, T, T are equal to 1, 4, 6, 4, 1 respec- 
tively, the dimensions of the spaces T and T are equal to 8. 

A k 

For U = J2k=o U£ T conjugated 7-number has the form U* = (U 

1 4 2 3 014 1 4 23 2 3 

+ U + U)-(U + U). Denoting r =r © T © T, T=T © T, we get 

014 23 

that U = U* for U G T and U = -U* for U GT. 

Let us consider the mapping of 7-numbers U — > F*UF that depend 
on some fixed 7-number F. 

Theorem 2. The following propositions are true for n = 4 and Minkows- 
ki metric: 

014 014 23 23 

1) If F G r, then F V F* C r , FTF CT. 

014 014 23 23 23 014 

2) IfFe T c , then F T F* C r ffi* T, F T F Cr ©i r ■ 

3) If F ef, or F G f , toen 

4 4 fc fc 

F(r © t)f* cr © r, frr cr, k = 1,2,3. 



mysubmit.tex - Date: February 7, 2008 Time: 15:44 



194 



Dirac 7-Equation, Classical Gauge Fields and Clifford Algebra N. G.Marchuk 



4) If F eT c , then 

04 042 1 13 

f(t © r)F* cr e r @i r, ft f* qt @%t, 
f t f* cr ©i r ®i r, ft f* cf ®i r . 

Definition. Tie mapping U — > = e°U*e° is called a hermitian 
conjugation of "f-numbers. 

This definition does not depend on matrix representations of e^. But 
nevertheless, the mapping U —> W in the matrix representation (1.4) 
corresponds to the usual hermitian conjugation of matrices. This is an 
advantage of the matrix representation (1.4). The matrix representa- 
tions — > 7^ = T _1 7 M T taken from (1.4) with the aid of unitary 
matrix T have the same advantage. 

2.4. Trace, Determinant and Exponent of 7-Numbers. 

From the matrix representation (1.4) we can immediately define trace, 
determinant and exponent of 7-numbers. Important in Clifford algebra 
is that the same operators can be defined independently of any matrix 
representations of the 7-numbers. This matrix independent definition of 
the "determinant" of 7-numbers can be found, for example, in [29]. 

Definition. The trace of a ^y-number A £ Tc is a complex number 

tiA = 2# (A + A*). 

The function tr : T c -»■ C is linear tr(aA+f3B) = a tr A+(3 tr B, a, (3 € 
C and tr(e) = 4. 

Definition. The determinant of a ^-number A G Tc is a complex num- 
ber 

det A = det M(A), (2.6) 

where M(A) is a matrix representation (1.4) of ^-number A and the 
right hand part of (2.6) is the usual determinant of the matrix. 

It is easily seen that det(AB) = det(A) det(B), A,B £ T c and 
det(aA) = a 4 det A, a G C, det(e) = 1, and that with the aid of the 
determinant one can introduce the notion of eigen- numbers Ai, A2, A3, A4 G 
C of a 7-number A G Tc as the solutions of equation det (^4 — Ae) = 0, 
etc. 
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Definition. The exponent of a ^-number A G Tc is a ^-number exp A G 
Tc such that 

CO -i 

expA = e + J2~ Ai ( 2 - 7 ) 
j= i 3- 

It is easy to check, that for an arbitrary 7-number the series (2.7) is 
convergent. 

Theorem 3. Let A G Tc- The function exp : Tc —> Tc has the follow- 
ing properties: 



1) (exp ,4)* = exp(A*). 

2) (exp^) 1 " = exp(A t ). 

3) If V G Tc is invertible 7-number, then exp(y ^AV) = V^ 1 (exp A)V . 

4) det(exp^) =exp(trA). 

5) A 7-number exp^4 is invertible and (exp^) -1 = exp(— A). 

6) The mapping exp : Tc — > Tc is one to one continuous mapping of 
a small neighborhood of zero 7-number on the small neighborhood 
of identity 7-number e. 

7) If 7-numbers A, B commute, then (exp A) (exp B) = exp(yl + B). 

8) If A G Tc such that A 2 = — e and 4> £ M, then exp(cpA) = e cos <f> + 
Asmcj). 



Proof. s can be found in textbooks devoted to Lie groups (see for 
example, Chevalley [12] or Cornwell [13]) , 



2.5. Antihermitian Basis and Lie Algebras. 

For the complex Clifford algebra Tc (see discussion in [28]) we shall use 
the basis 

• 1 p 2 3 ?> 01 , V 02 - 03 _12 _13 „23 012 _013 p 023 -123 5 , v 

(2-8) 

such that = —t, t 2 = —eand tr(t 2 ) = —4 and where t is an arbitrary 
basis vector. As <t = — i, the basis (2.8) is called antihermitian basis 
of Tc (the matrices (2.8) in representation (1.4) are antihermitian). We 
shall consider several Lie algebras and Lie groups that are connected 
with the antihermitian basis. 
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Let ti, . . . , t n (n < 16) be vectors from (2.8) which are also generators 
of some real Lie algebra L, 

\tkt h] = c^itm-, k, I = 1, . . . , n. 

where c£| are real valued structural constants of Lie algebra L. Some- 
times we shall emphasize the dependence on the generators writing 

L = L(ii, . . . ,t n ) = {r k t k : r k £ M}, 

Let we consider real Lie algebras of dimensions 15,10,6,3 with gener- 
ators from (2.8). In particular 

£15 = jC 15 (ie j e l } e 2 ; e 3 > ie (H ie 2) ie03j e l 2> ^ g 2 3j g 012 ; ^13^023^ ^123 j ^ 
rlO _ rl0c„l „2 „3 12 13 p 23 012 013 „023 p 5\ 
/-10 _ rl0f ? - p 1 p 2 3 - 01 ,>02 - 03 „12 13 p 23\ 

4° = 4°(ie 01 , ie 02 , ie 03 , e 12 , e 13 , e 23 , e 012 , e 013 , e 023 , ie 123 ), 

L\ =£6( e 12 )e 13 ;e 23 ;e 012 ;e 013 )e 02 3)) 
£| = £6(ie^e\e^ie 01 ,ie 02 ,e 12 ), 

L% =£|(ie 01 ,ie 02 ,ie 03 ,e 12 ,e 13 ,e 23 ), 
£?' =£f(e 12 ,e 13 ,e 23 ,ie ,ie 123 ,e 5 ), 
£ 3 =£ 3 (e 12 ,e 13 ,e 23 ), 
£ 3 = £ 3 (*e 01 ,ze 02 , e 12 ). 

(2-9) 

The generators of L 15 are all vectors of (2.8) with the exception of 
ie. The generators of h\° are all real (without i) vectors of (2.8). The 
generators of L^L^ are the vectors from (2.8) of ranks 1,2 and 2,3 
respectively. The generators of L^, L|, L3 are the vectors from (2.8) that 
commute with the 7- numbers ie°, e 012 , e 5 respectively. There are 15 Lie 
algebras of the dimension 6 with the generators from (2.8) that com- 
mute with one of the basis vectors of (2.8) (with the exception of ie). 
Let us denote the remaining Lie algebras by L4, ...,Lf 5 . The gener- 
ators of L 3 ,L?> are even vectors that is also the generators of Lf,L2 
respectively. To receive a Lie algebras of the dimension 3 one must take 
two arbitrary noncommuting vectors from (2.8) and their product as 
a third generator. This method gives 20 Lie algebras including L^L 3 ,. 
Let us denote the remaining Lie algebras by L 3 ,...,L2o- The twenty 
Lie algebras L 3 , . . . , L 3 can be divided into ten pairs L^ = Lj^. © Lf., 
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j = 1, . . . , 10 such that if u £ Lf , v £ L 3 , then [u, t> ] = 0. In particular 

Lf' = L 3 (e 12 , e 13 , e 23 ) © L 3 (ie°, ie 123 , e 5 ). So we get 49 real semisimple 
Lie algebras 

t 15 t 10 t 10 t 10 t 6 t 6 t 6' t 6' t 3 t 3 (9 -\()\ 

u i u \ > u 2 > U Z i ^1* ■ ■ ■ i L 15' ^1 > ■ ■ ■ > ^10* 1 5***5 lj 20 l z * lu J 

Proposition. Ail Lie algebras from (2.10) of the same dimension (10, 
or 6, or 3) are isomorphic. 

Proof. We have to consider generators and structure constants of 
appropriate Lie algebras. For example, let us prove isomorphisms L 3 ~ 
L 3 , and Lf ~ L|. Denoting t\ = e 12 , t2 = e 13 , t% = e 23 , we get relations 

[h,t 2 ] = 2t 3 , [t 3 ,h] = 2t 2 , [t 2 ,t 3 ] = 2h (2.11) 

which can be written in a form = 2efc/ m t m . Now, if one denote 

t'± = — ie 01 , t' 2 = —ie 02 , t' 3 = e 12 , then 7-numbers t[,t 2 ,t' 3 satisfy the 
same relations (2.11) as ti,t 2 ,t 3 . This gives us isomorphism L 3 ~ Lf. By 
the way, it follows from (2.11), that these Lie algebras are isomorphic to 
the Lie algebra su(2) which consists of traceless antihermitian matrices 
of the second order. 

In order to prove isomorphism Lf ~ L3, we can denote 

tl = (ie 01 + e 23 )/2, h = (-ie 01 + e 23 )/2, 
t 2 = ( ie 02 _ e i3 )/2) £ 2 = ( _ ig 02 _ e i3 )/2) 

t3 =(i e 03 + e i2 )/2) i 3 = (-ie 03 + e l2 )/2. 

and get 

[tk, t{\ = 2eki m tm, [tk,ti] = 2eki m t m , [tk,ti]=0 k,l = 1,2, 3. 

That means, generators t\,t 2 ,t 3 and t\,t 2 ,t 3 of the Lie algebra L3 
play the same role as generators e 12 ,e 13 ,e 23 and ie°,ie 123 ,e 5 of the 
Lie algebra Lf , and hence, L3 ~ Lf (this also gives us isomorphism 
Spin(4) ~ SU(2) x SU(2)) . 

Let L 16 = L 16 (ti, . . . , t\§) be a real Lie algebra with 16 generators 
from (2.8). Lie algebra L 16 = L 1 (ie) © L 15 (ie°, . . . , e 5 ) is isomorphic to 
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the Lie algebra u(4) = u(l) © su(4) of all antihermitian matrices of the 
dimension four. The following Lie algebras are the subalgebras of u(4): 

su(4), sp(2), su(3), su(2), 

su(4)©u(l), sp(2)©u(l), su(3)©u(l), su(2)©u(l), 
su(2)©su(2), su(2) © su(2) © u(l), su(2) © su(2) © u(l) © u(l), 
su(2) © u(l) © u(l), su(2) © u(l) © u(l) © u(l), 
u(l), u(l)ffiu(l), u(l)ffiu(l)ffiu(l), u(l)ffiu(l)ffiu(l)ffiu(l). 

(2.12) 

The Lie algebras (2.12) are compact (their Killing forms are negatively 
defined). 

So, all of Lie algebras (2.10) are Lie subalgebras of L 16 ~ u(4) ~ 
u(l) © su(4) and there is a theorem. 

Theorem. The Lie algebras (2.10) are isomorphic to the following 
classical matrix Lie algebras: 

L 15 ~ su{4), 
L\ ,L?,L?~ spi 2), 
Li...,L 6 15 ,L«,...,L¥ ~su(2)®su(2), 
L?,...,£|o ~ su(2) . 



2.6. The Connection Between Complex Clifford Algebra and 
Unitary Lie Groups. 

If C = £(h, . .. ,t n ), 1 < n < 16 is a real Lie algebra with its generators 
from (2.8), then with the aid of exponential operator we may introduce 
a Lie group 

G = G(h,.. .,t n ) = {exp(Tfc£ fc ) : T fc G M}. 

In this case Lie algebra £ is a real Lie algebra of the linear Lie group G- 
Using the properties of the exponent: (expA)^ = exp(A^), (expyl) -1 = 

exp(— A) and the property ij, = —tk, fc = l,...,nwe get U^U = UU^ = 
e. That means the Lie group G is unitary. 

Let us write down some compact subgroups of the Lie group U(4). In 
the first place, Lie groups U(4), U(3), U(2), U(l) are compact. Secondly, 
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the following Lie groups: 
SU(4), Sp(2), SU(3), SU(2), 

SU(4) x U(l), Sp(2) x U(l), SU(3) x U(l), SU(2) x U(l), 

SU(2) x SU(2), SU(2) x SU(2) x U(l), SU(2) x SU(2) x U(l) x U(l), 

SU(2) x U(l) x U(l), SU(2) x U(l) x U(l) x U(l), 

U(l), U(l)xU(l), U(l) x U(l) x U(l), U(l) x U(l) x U(l) x U(l). 

(2.12a) 

which can be derived from corresponding Lie algebras (2.12) with the 
aid of exponential function, are compact. In a well known paper of 
Dynkin and Oniscik [16] there is a method of description of all compact 
subgroups of the Lie group U(4). 
By 

r>!5 r>!0 r>10 r>!0 r>6 r>6 r>§' r>§' r>3 r>3 (n -i o\ 

y ,y x ,y 2 ,y 3 ,yi,---,y 15 ,yi ,---,yi ,yi,---,y 2 o 1 2 -13) 

we denote linear semisimple Lie groups with the same generators as cor- 
responding real Lie algebras (2.10). In what follows we establish isomor- 
phisms between introduced Lie groups and classical matrix Lie groups. 

First of all let us remind some known results on a Lie group theory. 
Here Sp(n) is the unitary symplectic groups. 

Theorem 4. [13] The groups 

Spin(2), Spin(3), Spin(4), Spin(5), Spin(6) 
are isomorphic to the groups 

U(l), Sp(l) ~ SU(2), SU(2) x SU(2), Sp(2), SU(4) 
and double cover groups 

SO(2), SO(3), SO(4), SO(5), SO(6) 

respectively . 

Theorem 5. The Lie groups (2.13) are isomorphic to the following 
classical Lie groups: 



015 „ SU ^ „ S pin(6), 
a i 10 ,e 2 10 ,g 3 10 ~Sp(2)~Spin(5), 

Gl . . . , g« 5 ,gf , . . . ,gf ~ su(2) x 517(2) ~ s P in(4), 
gl...,giQ~su(2)~spm(3) . 
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Proof. It was proved in the proposition in the previous subsection, that 
C\ ~ su(2), and hence Qf, . . . ,^20 ~ SU(2) ~ Spin(3). So, if we prove 
isomorphisms £ 15 ~ SU(4), Q{° ~ Spin(5), Q\ ~ Spin(4), then all the 
rest isomorphisms (2.14) will be follow from the theorem 4. 

Let us begin with the isomorphism Q 15 ~ SU(4). We can use Dirac's 
representation of vectors of the antihermitian basis in the form of anti- 
hermitian 4x4-matrices and get, that the real Lie algebra £ 15 is isomor- 
phic to the Lie algebra su(4) of all traceless antihermitian 4x4-matrices. 
This leads us to the conclusion, that a linear Lie group Q 15 is isomorphic 
to the Lie group SU(4) of special unitary matrices of the fourth order. 
The fact that determinants of matrices is equal to +1 is a consequence 
of the property det(expyl) = exp(tr A). So, isomorphism G 15 ~ SU(4) 
is proved. 

Let us prove the isomorphism Q\° ~ Spin(5). We may denote gener- 
ators of the group Q\ Q as 

{h, . . . , £ 10 } = {e\e\ e 3 , e 12 , e 13 , e 23 , e 012 , e 013 , e 023 , e 0123 } G T(l, 3). 

Let us consider a Clifford algebra T(5) with generators f 1 , . . . , f 5 which 
satisfy the relations f k f l + f l f k = 25 kl f, k,l = 1,...,5, where / is an 
identity vector. We may define 7-numbers £1, . . . , iio by the formula 

{£1, . . . , £10} = 

{-/ 14 , -f 2 \ -f u , -f 12 , -Z 13 , -Z 23 , Z 35 , -Z 25 , Z 15 , -Z 45 } er (5) 

where f kl = f k f l for k < I. It is easy to check, that (in all formulas the 
summation convention is used) 

[tkJi] = cf t t m , = !,■■-, 10, c^eM (2.15) 

and hence, 4 are generators of a real Lie algebra 

£ 10 = £ 10 (£!, . . . , £i ) = {r fe £ fe : T k G M} 

and of a linear Lie group 

g w = g w (i 1: £ 10 ) = {exp(r fe £ fe ) : r k G R}. 

2 . , 

Since t k GT (5), then t* k = —tk- If U = exp(rfc£fc) G Q , then, using 

the properties of exponent (exp^4)* = exp(A*), (exp^) -1 = exp(— A), 
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« 1 

we get that UU* = e. By the theorem 1 of section 2 we have U T 
1 

(5)U* Cr (5). Therefore, the linear Lie group Q is isomorphic to the 
group Spin(5). 

At last we may check (it can be done by a direct calculation) , that the 
generators t\, . . . , iio of the group G{° have the same structure constants 
[tki U] = c^tm, k, I = 1, . . . , 10 as the generators tk in (2.15). This leads 
us to isomorphism Q\° ~ Q w ~ Spin(5). 

Finally, let us prove the isomorphism C/f ~ Spin(4). Generators of 
the Lie group are 7-numbers 

{t 1 ,...,t 6 } = {ze 01 ,,e 02 ,,e 03 ,e 12 ,e 13 ,e 23 }. 

Let us denote e 4 = ie°. In that case eV + e l e k = 25 kl e, k, I = 1, 2, 3, 4 
and 

{h,...,t 6 } = {e kl }k<i<4 (2.16) 
2 

Hence, a Lie algebra £| is isomorphic to r (4) — a set of 7-numbers of 
the second rank of the real Clifford algebra T(4). Let us show, that a Lie 
group Q\ is isomorphic to the Lie group Spin(4). From the relation (2.16) 

we have t* k = —t^ and so, for all U G Q\ there is an equality UU* = e. 

1 1 

By the theorem 1 of section 2 we get U T (4)U* Cr (4). Therefore, by 
the definition of spinor groups, our Lie group is isomorphic to the 
group Spin(4). The theorem is proved . 

Corollary 1. The real Lie algebras of the Lie groups Spin(n), n = 

2 

2, 3, 4, 5 are isomorphic to the Lie algebras T (n) with respect to com- 
mutator [A, B] = AB — BA . 

I don't know whether this proposition is true for Lie groups Spin(n), n > 

5. 

Corollary 2. Among 49 Lie groups (2.13) the Lie groups of the dimen- 
sions 15, 10, 3 are simple and the Lie groups of the dimension 6 are 
semisimple. 

Let us formulate several additional theorems, which will be useful 
later on. 
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Theorem [13] . If Q is a linear Lie group and C is its real Lie algebra, 
then for arbitrary U G Q, v G C (U,v may smoothly depend on x G M 4 ), 
the aggregates U~ 1 vU, U~ 1 d ll U belong to C , 

Let Q be a linear Lie group and C = C(t\, . . . , t n ) its real Lie algebra. 
For every U G Q let Ad (U) is a real nxn-matrix that is denned by the 
relations 

UtkU' 1 = {Ad(U)} jk t j , k = l,...,n. (2.17) 

Theorem 7 [13] . The set of real matrices Ad (U) is n-dimensional rep- 
resentation of the linear Lie group Q that is called adjoint representation . 

From (2.17) it is evident that the matrices of adjoint representa- 
tion are depend on the generators t±, . . . ,t n . For the unitary Lie group 
Q every matrix Ad (U) is similar to the orthogonal matrix Ad (U) = 
T^OT, T = O- 1 , T £ M(n, M). 

Definition. The generators ti,...,t n of a Lie algebra C of the unitary 
Lie group Q are said to satisfy ADRIO condition (ADjoint Representa- 
tion Is Orthogonal), if for every U G Q the matrix Ad (U) is orthogonal. 

Theorem 8. If the generators t±, . . . ,t n of a real Lie algebra C of the 
unitary Lie group Q satisfy ADRIO condition, then for every U G Q 

Ut k U^ ={Ad(U)} lk t l , k = l,...,n 

UhiU = {Ad (U)}i k t k , l = l,...,n. { ■ °> 

Proof. The first equality in (2.18) is a definition of an adjoint repre- 
sentation. From it, replacing U <-> U\ k <-> I, we get 

UhiU = {Ad{rf)}iat k , l = l,...,n. (2.19) 

For the adjoint representation we have Ad (C/t) = Ad (L^ -1 ) = (Ad U)' 1 . 
ADRIO condition gives (AdUy 1 = (AdU) T and hence 
{Ad(C/ t )}fc; = {AdU}i k . By substituting this to (2.19) we get the sec- 
ond equality in (2.18) , 

Let Q 15 be a linear Lie group from (2.13) with the generators from 
(2.8). 

Theorem 9. The generators (2.8) of the Lie group Q 15 ~ SU(4) satisfy 
ADRIO condition . 
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As a consequence of this theorem we get that the generators of 49 
Lie groups (2.13) satisfy ADRIO condition. 

Theorem. Let Q be a linear Lie group, C - its real Lie algebra of the 
dimension n, 1 1 , . . . , t n and t\ , . . . , r n — two sets of generators of the Lie 
algebra C which connected by relations i& = h^Ti, where hik - elements 
of an orthogonal nxn-matrix H. For every U £ Q let Kd t {U) = (a^) 
and Ad T (U) = (ctik) be nxn-matrices of an adjoint representation of 
the group Q corresponding to generators t^ and 

UtkU^ 1 = cijktj, UrkU^ 1 = ctjkTj, k = l,...,n. (2.19a) 

Then, matrices Ad t(U) and Ad T (U) are connected by the relation 

Ad T (U) = H{Ad t {U))H T . (2.19b) 

Proof. Substituting tk = hikTi, tj = h m jT m (summation convention is 
used) into the first equality in (2.19a), we get 

UhikTlU~ l = (IjkhmjTm- 

Let us multiply on both parts of this equality and sum with respect 
to index k 

UhikhikTlU" 1 = (IjkhmjhikTm. 

Using the orthogonality property of the matrix H — hikhik = o~n, we 
come to the relation UtiU~ 1 = ajkh rn jhikT m . Comparing it with the 
second equality in (2.19a), we get a m i = ajkh m jhik which equivalent to 
(2.19b) . 

A following theorem is a consequence of the proved theorem. 

Theorem 10. Let Q be a unitary Lie group and C its real Lie alge- 
bra of the dimension n with generators t\, . . . , t n which satisfy ADRIO 
condition. And let T±,...,T n be another set of generators of C such, 
that tk = hi^Ti where hi^ - elements of an orthogonal matrix H. Then 
generators t\, . . . , r n also satisfy ADRIO condition , 
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2.7. Gell-Mann's Generators of the Lie Group SU(3). 

Let g be a Lie group U(4) or U(l) x SU(4), and C = u(l) su(4) be a 
real Lie algebra of Q. Vectors of antihermitian basis (2.8) are generators 
of the Lie algebra C that satisfy ADRIO condition. Let us introduce a 
new generators 



h 


= 


( e 023 + e 23)/^2 




= 


(_ e 013 + e 13)/^2 


h 




(e 012 + e 12 )/V2 


u 




( e 0123 _ e 3i y^2 


h 




(_ e 3 + e 123 f)/ ^2 


h 




(- e 2 + e 01 i)/V2 


h 




(_ e i _ e 02 z)/^2 


h 




( e 012 _ e 12 _ 2e °i)/V6 


tg 




(e 2 - e 01 i)/V2 


ho 




(-e 1 +e 02 i)/y/2 


hi 




( e 0123 + e 03 f)/ ^2 


tl2 




( e 3 _ e ™i)/V2 


*13 




(_ e 023 + e 23 )/ ^ 


tu 




( e 013 _ e 13)/^2 


tl5 




(_ e 012 + e 12 _ e i}/ ^3 


he 




ie 



(2.20) 



which are expressed from generators (2.8) with the aid of orthogonal 
16 x 16-matrix and tr(t& 2 ) = —4 as for generators (2.8). Vectors (2.20) 
can be considered as a new basis of complex Clifford's algebra Fc- By the 
theorem 10, generators (2.20) satisfy ADRIO condition. In representa- 
tion (1.4) matrices ti,...,tg from (2.20) have a following structure: 3x3- 
matrices in the left upper corner of h, . . . ,ts are equal to Gell-Mann's 
matrices i\/2Ai, . . . , i\/~2\% which are conventional generators of the Lie 
group SU(3). The fourth columns and the fourth lines in the matrices 
h, . . . , ts are composed from zeros. Hence, the generators h, . . . , tg from 
(2.20) of a Lie group Q s (h, . . . , t 8 ) ~ SU(3) satisfy ADRIO condition. 
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2.8. Spinorial Generators of the Lie Group U(1)xU(1)xU(1)x 



Let us consider an Abelian Lie group Q = U(l) x U(l) x U(l) x U(l) 
isomorphic to the group of diagonal matrices from M (4, C) with absolute 
values of all diagonal elements equal to one. The Lie group Q is maximal 
Abelian subgroup of a Lie group U(4). A real Lie algebra C = u(l) © 
u(l) © u(l) © u(l) of the Lie group G is isomorphic to an algebra of 
diagonal matrices from Ai(4,C) with pure imaginary elements on the 
diagonal. As the generator of C we can take vectors ie, ie°, e 12 , e 012 of the 
antihermitian basis (2.8), that are diagonal matrices in representation 
(1.4). Let us introduce new generators of the Lie algebra £: 



which are expressed from ie, ie , e , e with the aid of orthogonal 4x4- 
matrix, and tr(t^ 2 ) = —4 as for (2.8) and (2.20). In the representation 
(1.4) generators tk are diagonal 4x4-matrices with only nonzero element 
{tk)kk = 2i. Generators (2.21) are called spinorial generators of the Lie 
algebra u(l) © u(l) © u(l) © u(l) C u(4) (of the Lie group U(l) x 
U(l) x U(l) x U(l) C U(4)). By the theorem 10, spinorial generators 
(2.21) satisfy ADRIO condition. This concludes our presentation of the 
algebraic background. 

3. The Dirac 7-Equation. 

Let g be Minkowski metric, Tc = Tc(l,3), the Clifford complex algebra 
x = (x°, x 1 , x 2 , x 3 ) 6 M 4 , x^ - coordinates of a point in space-time, 
V k (lR 4: ,rc) be a space of fc-times continuously differentiable functions 
that map M A into Tc (all coefficients of the 7-number U S V k (M 4 ,Tc) 
are k times continuously differentiable functions of x 6 if? 4 ). We shall 
use the operator = e^d^ such that 2 = e(do 2 — d\ 2 — d'l' — d^ 2 ). 
If U € V 1 (]R 4 ,Tc), then the partial derivatives d^U are 7-numbers 
with the coefficients that are partial derivatives of the corresponding 
coefficients of U. 



U(l). 



h 

t 3 
U 



(ie + ie° -e 12 - e 012 )/2, 
(ie + ie° + e 12 + e 012 )/2, 
(ie-ie°-e 12 + e 012 )/2, 
(ie - ie° + e 12 - e 012 )/2 



(2.21) 



mysubmit.tex - Date: February 7, 2008 Time: 15:44 



206 



Dirac 7-Equation, Classical Gauge Fields and Clifford Algebra N. G.Marchuk 



The main equation, that is called a Dirac 7-equation has the form 

09 - m(9N + e 5 9K) = 0, (3.1) 

where 9 G V 1 {]R A ,Tc), m- real number, the commuting N, K G Tc 
do not depend on x and satisfy the decomposition condition (1.11). If 
* G V 2 (M 4: , Tc) is a solution of (3.1), then, as it was proved in theorem 
1 of sec. 1, 7- number 9 is also a solution of the Klein-Gordon equation 
(1.1). 

In this paper we do not study the generalized solutions of (3.1) (that 
belong to one or another space of generalized functions). In what follows 
a record like $ = f (j) £ means that 7- number it has coefficients 
that are smooth functions of x G M 4 . 

If we multiply the equation (3.1) on —i and denote N = iN, K = iK, 
then we come to an equation 

09 + m(9N + e 5 9K) = 0, (3.1a) 

where 

N 2 + K 2 = - e , [N,K]=0. (3.16) 

Such 7-numbers N,K can be from Tc, or from T. The equation (3.1a) 

in which N,K G T satisfy (3.1b) and 9 G V k (K,T), k > 1 is called a 
real Dirac 7-equation. 

3.1. Decomposition of the Dirac 7-Equation Into Even and 
Odd Parts. 

Theorem 2. If \P = * + 9 is a solution of (3.1 ) in which N,K G t c , 
then 9, \I> are the solutions of the equations 

09 - m9N = 0, (3.2) 

09 - m^iVi = 0. (3.3) 

where N = N + e 5 K, Aq = N - e 5 K and N 2 = Aq 2 = e. So, (3.1) is 
decomposed into two independent equations (3.2) and (3.3). 
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Proof is evident , 

The real Dirac 7-equation (3.1a) where N,K G T satisfy (3.1b) and 
VP € P fc (X, r), k > 1 is decomposed into two equaions 

$i> + m^N = 0, 09 + m^Ni = 0. (3.4) 

where N = N + e 5 K, N± = N — e 5 K and N$ = iVf = -e. It is easy to 
calculate that a general form of 7-number Nq is the following: 

N = q^(ae + Pe 5 ), 
where real numbers a, (3, qo, . . . , q$ satisfy the relation 

I 2 . o2\i 2 2 2 2 \ -t 

(a + P ){qo -qi -52 - © ) = -1- 

In particular, if we take a = qo = q\ = qi = 0, /? = (73 = 1, then we 
come to an equation 

09 + m9e 012 = 0, 

which is called Hestenes equation [6, 22]. This equation was investigated 
in many papers see references in [23]). 

3.2. Plane Wave Solutions. 

In quantum mechanics the plane wave solutions of the Dirac equation 
are used for the construction of wave packets that describe the fermion 
dynamics. The equation (3.1) has a more rich set of plane wave solutions 
(3.6) in comparison with the standard Dirac equation. 

Let com(iV, K) be an algebra of 7-numbers from I7j that commute 
with N, K and 

S = {Se com(iV, K) : S 2 = -e}. 

Theorem 1. The equation (3.1) with the conditions (1.11) has solu- 
tions of the form 

9 = (P +im(N - e 5 K)S)exp(p-xS)Y, (3.5) 

1 

where S G S, Y G com(iV, K) are ^-numbers independent of x, P= 

p^, p-x = p^ and the real numbers p^ satisfy the relations p^p^ = 

2 

m . 
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Proof. In the case Y = e a direct calculation gives 

ePdnV =PVS, im(^N + e 5 ^K) = - P^S . 

Hence, the plane wave solutions (3.5) depend on some real num- 
bers p^ that satisfy the relation p^p^ = m? and they also depend 
on 7-numbers S, Y. The dependence of ^ on Y , as will be shown, 
is a consequence of a (global) gauge invariance of the equation (3.1). 
Let us consider in more detail a dependence of (3.5) on S G S. Let 
Sk G S, k = 1, . . . , n be such 7-numbers, that the sets 

S k = {U^SkU : U G com(iV, K), det U / 0} 

cover the set <S, so S = Si U . . . U S n . Then (3.5) gives the following set 
of solutions of (3.1): 

*fc(iV, U, Y) = (P +im(N - e 5 K)?7- 1 < S fe [/)exp(p-xC/- 1 5 fc [/)y, (3.6) 

where U, Y € com(iV, K), det U 7^ 0. If Sk belong to the center of 
the algebra com(iV, K), then the dependence on U disappears from the 
formula (3.6). In particular, the 7-numbers e, N, K, N a K b (a, b - integer 
positive numbers) and their linear combinations belong to the center of 
com(7V, K). 

As examples, let us consider plane wave solutions of three equations. 
We begin with the equation — m^f = 0, where N = e, K = 0. 
Evidently, com(iV, K) = T c , S = {S G T c : S 2 = -e}. The set S can 
be considered as a set of matrices S = {S G M(4,C) : S 2 = — 1}. 
Each matrix S G A4(4,C) with the aid of the similarity transformation 
S -> S' = U^SU, where U G A^(4,C), det 17 / can be transformed 
to a normal Jordan form S'. The condition S 2 = —1 gives (S') 2 = —1. 

50, there are no Jordan cells in S' and 

S' = idiag(±l,±l,±l,±l). (3.6a) 

Evidently, there are five matrices of the form (3.6a) that are not similar 
to each other 

5i )2 = ±il, S 3 = idiag(l, 1,-1,-1), S 4l5 = ±idiag(l, -1,-1,-1). 

Hence, (3.6) gives five sets of plane waves, two of which correspond to 

51, S2 and do not depend on U, because S\,S2 belong to the center of 
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Tc ■ We can write Si, . . . ,S$ as a linear combinations of basis vectors 
(2.8) 

Si, 2 = ±ie, S 3 = ie°, S 4 , 5 = ±i(-e + e° + ie 12 + ie 012 )/2. 
Now, let us consider plane wave solutions of the equation 

0ty + m^e°i = 0, 

in which G £> fc (X,f c ). Substituting S = -i, K = 0, iV = e°, Y = 
ae° into (3.5), we get 

$ = a (P +me°)e°exp(-p • xi). (3.66) 



If we take a = l/y / 2m(E + m), where E = p° = \/pi 2 + P2 2 + P3 2 + m 2 , 
then the solution (3.6b) satisfy the relation <I"I'* = e. In matrix repre- 
sentation (1.4) *!> has a form: 



/ 1 n -P3 -pi+»p2 N 

/ 1 U £+m B+m \ 

/ TT J- ™ fl 1 -P1-W2 P3 

2m ^ -pi+»P2 1 

E+m E+m 

V -pi-tP2 P3 n 1 / 



exp(— p • xz). 



Compare this formula with the formula (3.7) from a textbook [24]. 
Finally, let us consider the plane wave solutions of the equation 

$* + m#e°/ = 0, (3.6c) 

where $ 6 £> fc (X,r), and 7-number / = (gie 1 +g2e 2 + g3e 3 )e 5 depends 
on three real numbers qi,q2, <?3, which satisfy the relation qi 2 +q2 2 +qz 2 = 
1. Let us note, that I 2 = — e, [I, e°] = 0. The equation (3.6c) has a 
solution 

* = /n m A P +^e°)e°exp(-p • xl), 

which can be get from (3.6b) replacing ihj I.lf I = e 12 , the last formula 
gives us a solution of Hestenes equation. 
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3.3. Gauge Groups of the Dirac 7-Equation. 

The Dirac 7-equation (3.1) is invariant with respect to the (global) 
transformation \I/ — ► ty' = ^U, where U G com(iV, K) and U is inde- 
pendent on x. It follows from the equality 

jfiB' - m-qt'N - me b ^'K = (ifrSl - m^N - me 5 VK)U, (3.6a) 

which is violated when U = U(x), because in the expression d^(^U) = 
(d^)U + ^dyU there is a new term ^d^U. If we want to get a local 
invariance of the equation (3.1) under the transformation VP — > \W with 
U = U(x), then the term ^d^U must be compensated by something. 
The problem can be solved by gauging of the equation (3.1). It consists of 
replacing of all partial derivatives by so called covariant derivatives 
= — ^a^, where a M = a M (x) £ Tc are values with the following 
transformation rule — > U^ l a^U + U^ l d^U . 
Let us introduce a unitary group 

g max {N, K) = {UeF c : [U, N] = [U, K] = 0, UU* = e} = com(iV, tf)nU(4), 

(3.7) 

which is called a maximal gauge group of the equation (3.1). The group 
Gmax(N,K) is a compact Lie group. 

Definition. If a Lie group Q is a Lie subgroup of G ma x(N, K), then the 
group Q is called a gauge group of the Dirac ^-equation (3.1). A real Lie 
algebra C of the group Q is called a gauge Lie algebra of the equation 
(3.1). 

Definition. If Q is a gauge group of (3.1) and C its real Lie algebra, 
then an equation 

ie^id^-^a^-m^N + e^K) = (3.8) 

where a M = a^x) G C, is called a Dirac ^-equation with a gauge field 
dp. The transformation 

^ < = U-^a^U + U~%U (3 ' 9) 
is called a gauge transformation of the equation (3.8). 

It should be noted, that the value = U~ l a /1 U + U~ 1 d fl U belongs 
to the gauge Lie algebra of (3.8) (theorem 6, sec. 2). 
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Theorem 3. The Dirac ^-equation with a gauge held G C is invari- 
ant under the gauge transformation (3.9) (in other words, the equation 
(3.8) is invariant under the gauge group Q ). 

Proof. It is a consequence of the equality 

ie^id^'-^'a'^-m^'N+e^'K) = (ie^(d^-^a^)-m(^N+e 5 ^K))U . 

(3.10) 

Let us remind, that to each Lie group Q corresponds a unique real 
Lie algebra C. But for fixed real Lie algebra C there exists, generally- 
speaking, a class of Lie groups Q, such that £ is a real Lie algebra 
for every Lie group from this class. Lie groups Q are locally isomorphic 
(homeomophic), but not isomorphic. For example, the Lie algebra u(l)© 
su(4) is a real Lie algebra of the Lie group U (4) and also of the Lie group 
U(l) x SU(4), This two Lie groups are not isomorphic. 

In many cases for us it will be suitable to deal with the subclass of 
gauge groups, that uniquely defined by their real Lie algebras. 

Definition. If a real Lie algebra C = C(ti, . . . ,t n ) = {r^tk : Tk € M} 
with the antihermitian generators tl = — tfc, i& G Tc is a gauge Lie alge- 
bra of the equation (3.1), then the unitary Lie group Q = G(t±, . . . , t^) = 
{exp(r/ c tfc) : G M} is called an exponential gauge group of the equa- 
tion (3.1). 

All the exponential groups of (3.1) are compact Lie groups. For the 
real Lie algebras (2.12) the correspondent exponential Lie groups were 
listed in (2.12a). 



3.4. Conservation Laws. 

Definition. Let j M = j M ('I / ), n = 0, 1, 2, 3 be real functions that depend 
on a solution ^ of the equation (3.1). If there is an equality <9 M j M = 
dojo — diji — dzj2 — = 0, then it is called a conservation law of 
the equation (3.1) (written in differential form). In that case the vector 
3 = U C ') i 1 1 i 2 ' ■> i 3 ) JS called a current of the equation (3.1). 

Let us denote ^ = ^ t e° = e **. 
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Theorem 4. Let ^ = G Yq be a solution of the equation (3.1) 

in which ^-numbers N, K are such, that 

N = aie + ftPi, PiP^ = e, P x f = P l5 ai, A G ft (3 u) 
K = a 2 e + /3 2 P 2 , P 2 P 2 f = e, P 2 f = P 2 , a 2 , fa G H 

and let C = C(t±, . . . , t n ) C Tc be a gauge Lie algebra of the equation 
(3.1) with generators ti,...,t n from the antihermitian basis (2.8), or 
from Gell-Mann's basis (2.20), or from spinorial basis (2.21). Let us 
define values j£ = i^(^) G M, fi = 0,1,2,3; k = 1, ...,n by the 
formula 

n (m k M) = -g^fte". (3.12) 

In that case there are equalities d^j% = 0, k = 1, . . . ,n, which mean 
that vectors jk = (j®, j\, j\, jj?) are currents of the Dirac ^-equation 
(3.1). 

To prove this theorem we have to use three lemmas. 

Lemma 1. If ^ G P X (X, Tq) is a solution of the equation (3.1), then 
it satisfies the relations 

iS^tfe"*) - m(^^N - N^V + ^e b ^K - JC T *e 5 *) = 0, (3.13) 

id^e 5 e^) - m(^e 5 ^N + iV^e 5 ^ - VVK - K*VV) = 0. (3.14) 

Proof. In order to prove the relation (3.13) we may multiply by 7- 
number \E' an equation (3.1) from left and subtract a hermitian conju- 
gated equation -id^ie^ - m(N^^ - K^^e 5 ) = 0, that was mul- 
tiplied from right on e ^. The result can be written in the form (3.13). 
In the same manner we can prove the relation (3.14). . 

Lemma 2. Let £ be a real Lie algebra of the gauge Lie group Q of 
the Dirac ^-equation (3.1), and 7 -numbers N,K in the equation (3.1) 
satisfy conditions (3.11). Then 

n (MiV - JVtM + Vj 5 VK - ir^ 7 5 ^) = 0, (3.15) 

where n: Yq — ► C is a projector operator to the algebra C being consid- 
ered as a subspace of the linear space Yc- 
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Proof. Let us denote 

B\ = ty^N — N^ty, B 2 = * e 5 *if - K^e 5 ®. 

These 7-numbers Pi, P2 anticommute with the 7- numbers Pi, P2 respec- 
tively: 

Pi Pi + Pi Pi = 0, B 2 P 2 + P2B2 = 0, 

that may be checked by the direct calculation. The last fact can be 
written in the form: 

B 1 G T c \ com(Pi), 5 2 er c \ com(P 2 ), (3.16) 

where com(P) C Tc is a subspace of 7-numbers that commute with the 
7- number P G Tc- It follows from (3.16), that 

B 1 +B 2 £T C \ (com(Pi) n com(P 2 )) (3.17) 

Using the relations com(Pi) = com(iV) , com(p2) = com(K) and by 

definition of a gauge group Q, we get from (3.17), that tt (B1 + B2) = . 

Lemma 3. Let ^ = \&( x ) G T c and C = £(ti, . . . ,t n ) C T c be an 
arbitrary real Lie algebra with generators t± , . . . , t n from antihermitian 
basis or from Gell-Mann's basis. If we define values j£ = j'^(^), , fx = 
0, 1, 2, 3 ; k = 1, . . . , n by the formula (3.12), then 

% (*ie"tf) = j%t k . (3.18) 

Proof. The proof of this lemma can be done by calculation for the Lie 
algebra C = Tc ~ su(4) © u(l) with generators from the antihermitian 
basis and from Gell-Mann's basis. This give us also a proof of lemma 
3 for all subalgebras of C with generators from the antihermitian basis 
and Gell-Mann's basis. Also, we may prove lemma 3 by calculation for 
the Lie algebra C = u(l)©u(l)©u(l)©u(l) with spinorial generators 
• 

Proof of the theorem. The 7- number ^ = \I/(x) G Tc satisfy the 
Dirac 7-equation and so, by lemma 1, ^ satisfy also a relation (3.13), 
and by lemma2, we get 

n (d^e^)) = 0. (3.19) 
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Let us define values j£ = J^(*) £ M by the formula (3.12). By lemma 
3, these values satisfy relations (3.18) and hence 

(w*)) = d^t k , 

which together with (3.19) give 

d^t k = . 

3.5. Canonical Forms of the Dirac 7-Equation. 

In what follows, we consider equation (3.1) where 7-numbers N, K sat- 
isfy conditions (1.11) and (3.11) simultaneously. 

Theorem 5. "/-numbers N,K satisfy conditions (1.11) and (3.11) if 
and only if in representation (1.4) matrices N, K have a form 

7V = cos£l, A" = sin£l, (3.20) 

(3.20a) 



or 



N = £Pdiag(cos £, cos £, cos £, — cos £)£/, 
K = f7 T diag(sin£, sin£, — sin£, — sin£)f7, 



or 



or 



N = C/ t diag(cos £, cos f , cos f , cos 7/)C/, , g ^ 

K = t/"l'diag(sm^, sin£, sin£, sin7/)f7, 

iV = LTtdiag(cos £, cos £, cos 77, cos r?)f7, , g ^ 

K = l^diag(sin£, sin£, sin 17, sin7/)f7, 

where U - unitary matrix and < £, rj < 2tt. 

Proof. From the condition (3.11) N = (a ± l + Pi Pi), a u Pi G iR, 
Pi = Pi Pi 2 = 1, that means Pi is a hermitian and simultaneously 
unitary matrix. Hence, one can reduce it to the diagonal form with the 
aid of unitary matrix U: 

Pi = f/ t diag(±l, ±1, ±1, ±1)17, 

and 

JV = Utdiag(Ai,A2,A3,A 4 )l7 ) 
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where = a± ± (3±. The same is true for the matrix K: 

K = y t diag(ei, e 2 , e 3 , e 4 )V, 

where V^V = 1, ej- = ct2 ± /?2- Matrices N,K are commute by the 
conditions (1.11) and therefore they can be reduced to the diagonal form 
by the same similarity transformation [5]. Hence, we can take U = V . 
A condition N 2 + K 2 = 1 gives \ k 2 + e k 2 = 1. Therefore \ k = ±cos£, 
e k = ±sin£, or = coscftk, £fc = sinc^ and (j) k may have no more than 
two values . 

If 7-numbers N, K in representation (1.4) have a form (3.20), or 
(3.20a), or (3.21), or(3.22) with U = 1, then we say that the Dirac 7- 
equation (3.1) is written in a canonical form. So, there are four canonical 
forms of the Dirac 7-equation. Let us write correspondent 7-numbers 
N, K with the aid of the basis elements of Clifford algebra 

TV = cos £ e, K = sin £ e, (3.23) 
N = cos£(e + e° + ie 12 -ie m2 )/2, K = sin£e , (3.23a) 



or 



or 



N = ^(3e + e° + ie 12 - ie 012 ) + ^(e - e° - ie 12 + ie 012 ) 
K = 2M(3e + e° + ie 12 - ie 012 ) + ^(e - e° - ie 12 + ie 012 ) 



or 



/V = ^( e + e 0) + £2p( e _ e 0) ; 
K = ^( e + e 0) + 2iM( e _ e 0). 



' (3.24) 



(3.25) 



Every canonical form of the Dirac 7-equation has its own gauge group 
(we shall write only exponential gauge groups). Four canonical forms 
of the Dirac 7-equation (3.23), (3.23a), (3.24), (3.25) correspond to the 
following gauge groups: Q = U(l) x SU(4), Q = U(l) x U(l) x SU(2), 
G = U(l) x SU(3), g = U(l) x U(l) x SU(2) x SU(2) respectively. 
As it was shown in the theorem 2, section 3, if N,K £ Tc, then the 
Dirac 7-equation decompose into two independent equations for ^ and 
4/. Considering formulas (3. 23), (3.23a), (3. 24), (3.25) one can easily con- 
clude that 7-numbers N, K can be odd only for the fourth canonical 
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form (3.25), when rj = £ ± 7r, that means iV = cos£ e°, X = sin£e°. In 
that case we get the following variant of the Dirac 7-equation: 

iefdnV - mexp^e 5 )^ = 0, £ G iR, * € f c , or * G f c , (3.26) 

with the gauge group Q = U(l) x SU(2). This equation, probably, can 
be used in the theory of electroweak interactions. The first or the third 
canonical form, probably, can be used in the theory of strong interactions 
(quantum chromo dynamics). In Grand Unified Theory, probably, the 
first canonical form of the Dirac 7-equation can be used (see the remark 
at the end of paper). 

It is suitable to have ready examples of the simplest equations to 
which the present theory can be applied. Such examples can be derived 
from (3.23), (3.24), (3.25), (3.26) when £ = 0, rj = tt. Let us write them 
down together with their gauge groups: 

i$V - mtt = 0, $ef C) Q = U(l) x SU(4), 
i0V - m(^N + e 5 ^K) = 0, * G T c , Q = U(l) x SU(3), 
i0V - m^e° = 0, $el c , Q = U(l) x U(l) x SU(2) x SU(2), 
i$V - m^e° = 0, * € f c , Q = U(l) x SU(2) 

where in the second equation 7-numbers N,K satisfy relations (3.24). 

4. The Yang-Mills and Maxwell 7-Equations. 

Let Q be a linear Lie group and C = C(t\, . . . ,t n ) its real Lie algebra. 
Let us consider Lie algebra valued functions = a^(x) = a^(x)tk G C 
which depend on x = (x°, x 1 , x 2 , x 3 ) G M 4 . We may also consider a rank 

1 7-number A = a^e^ G C® T and rank 2 7-number i 7 = J2^,<u f^ e> c ^ 
2 

£(8> r with coefficients from the Lie algebra C (f^ u = f^ u {x)tk)- 
Definition. The system of equation 

n(e»(d,A-[A,a,])-A*)-F = 0, 
e? c (d li F-[F,a ll ]) = 0, 

is called the Yang-Mills ^-equations (special form of the Yang-Mills 
equations) with a gauge group Q. 

A left hand part of the first equation is a rank 2 7-number with 
coefficients from C. A left hand part of the second equation is a sum of 
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rank 1 7-number and rank 3 7-number. That means the second equation 
from (4.1) can be written in the form of two identities 

7t(e£(d li F-[F,a li \)) = 0, (4 2) 

%(e? c (d ll F-[F,a ll ])) = 0. 

It is easy to check that the second identity in (4.2) is fulfilled for arbi- 

2 

trary F ETc, <E £ which depend smoothly on x. This is a so-called 
Bianci identity. By substituting A = a^e^, F = ^ <1; f^v^=c ^ ne 
first equation (4.1) and (4.2) and by equating to zero appropriate coef- 
ficients of 7-numbers, we get a standard Yang-Mills equations 

dfj,o,v ~ df/Ctfi [Q-ut o,fj\ ffin = 0, 

where <9^ = g^ v d u , a? = g^ u a u and = -f Vil for (j, > v. 

If a Lie algebra £ is of dimension 1 Abelian with the generator t\ = i, 
then the commutators in (4.3) are equal to zero and we get the standard 
Maxwell equations 

dfidv ~ d u a^ — f^ v = 0, , . 

d»U„ = 0, l4 - 4j 

where = a^i, f^ u = fj^i. Now, if we define A = a^, F = 
J2fi<u fnv^ u , then Maxwell's equations (4.4) can be written in the form 

I (e^A) - F = 0, u 5) 

e^F = 0, 

Definition. A system of equations (4.5) is called the Maxwell ^-equations 
(a special form of Maxwell's equations). 



Remark. If we take an equation e^d^A — F = instead of the first 
equation in (4.5), then it decomposes into two identities - one of which 
is a first equation from (4.5), and the second can be written in a form 
<9 M a u = and called a Lorentz condition. 
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4.1. A Gauge Invariance of the Yang-Mills and 
Maxwell 7-Equations. 

Definition. A local transformation (it depends on x G M A ) 



ffiu y ff^u = U ffj,uU, 



(4.6) 



where U = U(x) G Q, fj,, v = 0, 1, 2, 3 is called a gauge transformation 
of the system of equations (4.1). Here a Lie group Q and its real Lie 
algebra C is called a gauge Lie group and a gauge Lie algebra of the 
system (4. 1 ) respectively. 

Note, that by the theorem 6, section 2 we get a^, f'^ v G C. 

Theorem 1. A system of equations (4.1) is invariant under the gauge 
transformation (4.6). 

Proof. An invariance of the system of equations (4.1) under a gauge 
transformation means, that if a M , / M „ (A = a^e^, F = J2^<u f^ e ^ u ) 
satisfy equations (4.1), then the functions a^, (A', F') from (4.6) 
must also satisfy equations (4.1). Hence, to prove a gauge invariance it 
is sufficient to substitute a^, f^ u to the left hand parts of the equations 
(4.1) and check the validity of the equations 

l(e^(d,A'-[A'^])-(A'f)-F' = 

= U- X {1 (e^A - [A, a,,]) - A 2 ) - F}U, 
c£(V - [F', «;]) = U'He^d.F - [F, a,])}U . 

(4.7) 

In the case of Abelian Lie group 

Q = U(l) = {expiA : A G M} 

Maxwell's 7-equations (4.5) are invariant under the gauge transforma- 
tion 

which can be got from (4.6) when U = expiA(x). 
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5. A Construction of the Gauge Fields Theory. 

In this section we introduce a main system of equations, named a Dirac- 
Yang-Mills system of 7-equations, which describes Dirac's field interact- 
ing with the Yang-Mills gauge field. 

5.1. A Union of the Dirac 7-Equation and the 
Yang-Mills 7-Equations. 

Let us consider an equation (3.1) and associate with it a commutator 
algebra com(N, K) of 7-numbers from Tq which commute with N and K 
simultaneously. A set of invertible 7-numbers from com(A 7 ", K) is a linear 
Lie group Go = Qq{N, K). Let a Lie group Q be an arbitrary Lie subgroup 
of Go and C be a real Lie algebra of Q with generators t\, . . . , t n (n < 16). 

1 

And let J be an operator J : Tq — > Fc with the following properties: 
1) J(*[/) = U^J^U for all U G Q. 2) J(¥) = jj(tf)t fc <8> e**, where 

functionals : Fc — > M are such that if ^ satisfy an equation (3.1), 
then 3 M j^(^) =0, k = 1, . . . , n, that means, jk = (j®, • • • , ) are the 
currents of the equation (3.1). 

In that case we can consider a system of equations for * e fc, 
A = a^ c ef £) Fe Fc 

ie»(d^ - ^a M ) - m(*A + e 5 ^K) = 0, 
n(e^A-[A,a^])-A 2 )-F = 0, (5-1) 
eZ(d lt F-[F,a li ]) = -J(V), 

which is invariant under the gauge transformation 

* -, ifr> = WJ, 

a„ = U-^U + U-^U, (5.2) 

F -> F' = U~ l FU 

where U <E G, and in the right hand part of Yang-Mills equations the 
value J(vP) is composed from the currents of Dirac's 7-equation. 

We hope, that the systems of equations of (5.1) type will find appli- 
cations in theoretical physics for the description of the interactions of 
elementary particles. 
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The problem to be solved can be formulated in the following form: to 
find possibly wide classes of Lie groups for which operator J satisfying 
conditions 1),2) can be defined. This defines systems of equations (5.1). 

We may say at once what is done - in what follows more or less 
complete investigation has been done for the class of unitary Lie groups. 
We have also some results for Clifford's groups which are not included 
in the current paper. 

5.2. The Dirac- Yang-Mills System of 7-Equations. 

Let us consider the Dirac 7-equation (3.8) with 7-numbers N, K G Tq 
satisfying conditions (1.11) and (3.11) and with a gauge field G 
£(ti, . . . , t n ), where generators of Lie algebra satisfy unitary conditions 

it. = —tk and ADRIO condition. Let Q C Gmax(N, K) be a gauge group 
of the equation (3.8) such, that . . . , t n ) is its real Lie algebra. The 
fact that values a M G C in the equation (3.8) transform under a gauge 
transformation by the rule — > U~ l a^U + U~ 1 d fl U, (U G Q) leads us 
to the conclusion — values a M must satisfy the Yang-Mills 7-equations 
(4.1). 

Definition. A system of equations 

ie^{d^ - ^a M ) - m(*7V + e 5 ^K) = 0, 

n (e^A - [A, a J) - A 2 ) — F = 0, (5.3) 

e^F - [F,a„]) = -et k ® \ {m k W), 

where $ = G T c , = a M (x) = aj^ fe G £ , A = a M e£ GDc , 

2 

F GIY, e = 1 or e = — 1, is called the Dirac-Yang-Mills system of 7- 
equations (DYM) with a gauge group Q.Ifa gauge group Q = Q(t) with 
only one generator V = —t is Abelian isomorphic to the group U(l) 
then a system of equations 

ie»(d^ - mttf,) - m(^N + e 5 ^K) = 0, 

I (e^A) -F = 0, (5.4) 

e^d^F = -en (tft¥i), 

1 2 

where G M, A = GT, F Gr is called the Dirac-Maxwell system 
of ^-equation. 
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A system of equations (5.4) is evidently invariant under the gauge 
transformation ^ — > Vl/exp(Ai), — ► a M + tc^A, where A = X(x) G iR. 

Theorem 1. A system of equations (5.3) is invariant under the gauge 
transformation 

a M = f/- 1 ^^ + C/- 1 ^^, (5.5) 

F ^ F' = U~ l FU 

where U <E Q. 

Proof, of the gauge invariance of the first equation in (5.3) has been 
done in the theorem 3, section 3. A proof of gauge invariance of the 
second equation and the third equation with zero right hand part has 
been done in the theorem 1, section 4. So, the only thing to do for us 

is to prove a gauge invariance of the right hand part </(*) = —et k ® n 
(tytk^i) of the Yang-Mills system of 7-equations. This invariance J(^>U) = 
U~ 1 J(^)U follows from the chain of identities (e = —1) 

J(W) = i fc ® I (WtkrfW) = i fc ® n (*{Ad {U)} lk tm) 

= {{Ad(U)} lk t k )® n (m^i) = (Uh t U)® I (ttt,tft) = U^J^U. 

Here we have used the unitary condition U" 1 = and the fact, that 
generators of Lie algebra C(ti, . . . ,t n ) satisfy ADRIO condition and 
hence (theorem 8, section 2) 

Ut k rf = {Ad (U)}i k t h rfttU = {Ad (U)} lk t k . 

Remark. Using the theorem about decomposition of the Dirac 7- 
equation (theorem 2, section 3), we may conclude that if in the system 
of equations (5.3) 7-numbers N,K G Tc and the gauge group 5 C fc, 
then in (5.3) we may take * = ^, or ^ = ^. 

5.3. The Case m = 0. 

There are two identities (3.13) and (3.14) in lemma 1 section 3, from 
which we may hope to derive the currents of the Dirac 7-equation. In 
the system of 7-equations (5.3) at the right hand part of the Yang-Mills 
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7-equations we have taken the value J( X I / ) = et k <Si tt (^t^i), which is 
composed from the currents of the Dirac 7-equation (3.1) (theorem 4, 
section 3). These currents can be derived only from the identity (3.13) 
and not from (3.14). Such a choice of J(^f) is not random, because in 
case m / one can not derive any currents from the identity (3.14). 
The situation is different when m = 0. In this case each identity (3.13) 
and (3.14) gives us 16 independent currents accordingly. That means, 
that as a right hand part of the Yang-Mills system of 7-equations (5.3) 
we may take not only a value J(^), but also the value 

J(tf) = - e t k ® it (m k ^e 5 ), (5.6) 

which is composed from the currents of the Dirac 7-equation that are 
derived from the formula (3.14). This can be shown with the aid of 
identities 

n (m k *e 5 ) = -g^e\ (5.7) 

f(*eVf)=i^ (5.8) 

(compare them with the formulas (3.12) and (3.18)). So, in case m = 0, 
a right hand part of the Yang-Mills 7-equations (5.3) is defined not 
uniquely and this fact leads to the important consequences, which we 
shall consider just now. 

Let us introduce 7- numbers L = (e + ie 5 )/2 , R = (e — ie 5 )/2 with 
the properties 

L + R = e, L-R = ie 5 , L 2 = L, R 2 = R, LR = RL = 
and denote ^> L = L^f , = R$>. Then 

* = tf £ + V R , ^ L = L# L , ^ R = RV R , LV R = RV L = 0, 
It is easy to calculate, that 

Vpe^* + ^ie^ = 2(^ L )e^ L , 
^e 5 e^ - tfie' 4 * = 2(^ R )e^ R . 

Therefore, in case m = we get from the formulas (3. 13), (3. 14) 



d^ L )e^ L ) = 0, d^ R )e^ R ) = 0. (5.9) 
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In the same way, if we take a sum and a reminder of the right hand 
parts of (3.18) and (5.8), we get the identities 



n ((V L )ie^ L ) = f k + t k , n ((* R )ie^ R ) = j%~t k , (5.10) 

where j£ + = + ~fi)/2 , j£~ = - j£)/2. It is not difficult to 
calculate also a sum and a reminder of the right hand parts of (3.12) 
and (5.7) and get 



So, in case m = 0, we can use as a right hand part of (5.3) the value 

J(^l) = etfc0 7r (*!,£*; (*!,)«), which is composed from currents of the 
equation e^d^L = 0, and also we can use the value J(^r), which is 
composed from the currents of the equation e^d^R = 0. In the first 
case we can multiply the Dirac 7-equation in (5.3) from left to R, and 
using the identity Re^ = e^L, get a system of equations 

ie^d^L - *l<v) = 0, 

I (e^A - [A, a,,]) — A 2 ) — F = 0, (5.11) 

e^F - [F, o M ]) = -et k ® h (tf I i t ftji) , 



that is dependent only on and independent of ^/j. Similarly we 
can get a system of equations for ^r. The systems of equations for 
and *&r are independent and more than this, they may have different 
gauge groups (in the Standard model of electroweak interactions such a 
situation takes place in the description of neutrino). 

We can get one more example of a gauge invariant system of equa- 
tions if, in case m = 0, we take a gauge group Q from the real Clifford 
algebra V. Such gauge groups, in particular, are 



9(e\ e 2 , e 3 , e 12 , e 13 , e 23 , e 012 , e 013 , e 023 , e 5 ) ~ Sp(2) 
g(e 12 ,e 13 ,e 23 ,e 012 ,e 013 ,e 023 ) ~SU(2) x SU(2), 
S( e 12 ,e 13 ,e 23 )~SU(2), 
£(e 12 )~U(l). 
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In that case we have a gauge invariant system of equations for from 
the real Clifford algebra T: 

e»(d^ - *a M ) = 0, 

I (e^A - [A, a„]) — A 2 ) — F = 0, (5.116) 
e^F - [F,a„]) = -et k ® I (m k Ve 5 ). 

In the case of last two groups from (5.11a) we may take $ G f, or f G f 1 
in (5.11b). 

5.4. A Gauge Group U(4). The Polar Gauge. 

Let us consider a system of equations (5.3) with ^N+e 5 ^K = exp^e 5 )^, <fi G 
M and with the gauge group U(4). And let * = *(x) £T C , A = A(x) G 

1 2 

Ye, F = F{x) G Tc be a continuously differentiable solution of this sys- 
tem of equations. There is a theorem about a polar decomposition of 
the square matrix. 

Theorem 2 [11]. Every matrix A G A4(n,C) can be written as A = 
PU , where P G A4(n,C) is a hermitian nonnegatively defined matrix of 
the same rank as A, and a matrix U G M(n, C) is unitary. 

If we have a solution of the system of 7-equations DYM \& = VP (a;) G 
Tc in representation (1.4) as a matrix from A4(4,C), then, by the theo- 
rem 2, at each point x 6 iR 4 matrix ^ can be written in a form ^ = Pi7, 
where P - hermitian nonnegatively defined matrix from A4(4, C), U - 
unitary matrix from A4(4,C). Let us suppose, that matrix * = *(x) 
can be represented in the form fy(x) = P(x)U(x) not only in every point 
x, but also in some domain Q C M 4 in such a way, that P(x), U(x) have 
continuously differentiable elements for all x G (the possibility of the 
polar decomposition in domain is not evident and need an additional 
investigation). In that case the solution \£ = \I/(x) of (5.3) in C iR 4 
defines unitary matrix U = U(x) with continuously differentiable coeffi- 
cients. A matrix U, by the isomorphism A4 (4, C) ~ Tq define a 7- number 
U = U(x) from Tc- Let us take a 7-number F = V(x) = U -1 . A system 
of equations (5.3) is invariant with respect to the gauge group U(4), and 
so, after the gauge transformation with the aid of V G U(4) we get such 
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a solution of (5.3) 

= W, 
F' = V~ X FV 

that in domain fi 7- number VP' = ^'(x) is a hermitian nonnegatively 
defined 7- number (in representation (1.4) it corresponds to hermitian 
nonnegatively defined matrix). 

1 2 

Definition. If ^ G Tc, AGT/;, F G T£ is such a solution of the system 
of ^-equations DYM (5.3) with a gauge group U(4), that ^ = ^(x) is a 
hermitian nonnegatively defined 7 -number, then we shall call A, F a 
solution of DYM in polar gauge. 

In correspondence with the generally adopted interpretation of quan- 
tum mechanics, particles are described by the wave functions, which are 
vectors in some complex finite dimensional or infinite dimensional vec- 
tor (Hilbert) space. Observables are hermitian operators on that space. 
It will be essential to suppose, that the solution ^ of (5.3) describes a 
wave function of a fermion in 16 - dimensional complex vector space. 
If we consider <I> in polar gauge (in the case of gauge group U(4)), then 
a 7-number corresponds to some hermitian 4 x 4-matrix, or hermi- 
tian 16 x 16-matrix <g> 1. That means, ^ can be considered not only 
as a wave function, but simultaneously, as some observable value. This 
situation needs further consideration. 

5.5. The Gauge Group U(l) x U(l) x U(l) x U(l). Spinors. 

Let -M(4, C) be an algebra of complex matrices of fourth order and H 

is its maximal commutative subalgebra. An algebra 7i is isomorphic to 

the algebra of diagonal matrices with basis matrices s^ 2 \ s^ 3 \ 

(k) 

with only nonzero element s k) : = 1. For this basis 

s (i) + a (2) + s (3) + s (4) = 1> ( s (*))2 = a W s (*) a (D = when k ^ I. 

(5.12) 

An arbitrary matrix B 6 A4(4,C) can be written in a form 
B = B^ + B^ + B^ + B^, bW=B S W, B^s™ = £(*) (5.13) 
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That means, that M(4,C) represents as a direct sum of its subalgebras 
M{4,C) = © 1^ © JW. Algebras j( fc ) are minimal ideals of 

the algebra M{4,C) because M(4,C)l {k) Q T{k). There is no identity 
element in the algebra X^ k \ but there is "right identity element" s^ k \ 
Elements B of the algebra can be characterized by the equality 
Bs^ = B. We shall call them k-spinors (k = 1,2,3,4). So, k-spinor is 
a 4 x 4-matrix with all columns except the column number k are equal 
to zero. 

This simple consideration of matrices can be transferred word for 
word to 7-numbers, if we take Tq instead of M(4,C), e instead of 1, 
and 

s m = ( e + e o + ie i2 + ie oi 2)/4) 

a (2) = ( e + e° - ie 12 - ie 012 )/4, 

s (3) = ( e _ e + ie 12_ ie 012 )/4) l 5 - 14 J 

s (4) = ( e _ e o_ ie i2 + ie oi2 )/4 

k-spinors are such 7-numbers B G Tc, that Bs^ = B. For example, a 
general form of 1-spinors is the following: 

B = b!{e + e° + ie 12 + ie 012 ) + 6 2 (-e 13 + ie 23 - e 013 + ie 023 )+ 
6 3 (-e 3 + e 03 - ie 123 + ie 5 ) + b A {-e l + ie 2 + e 01 - ie 02 ), 

(5.15) 

where 61,62,63,64 G C. The considered construction of spinors as mini- 
mal ideals of the Clifford algebra is well known to specialists. 

Now, let us come back to the system of equations DYM, depending 
on a gauge Lie algebra C which is a subalgebra of the Lie algebra u(4) ~ 
u(l)ffisu(4). Note, that u(4) is isomorphic to the set of all antihermitian 
7-numbers from Tc- A maximal Abelian subalgebra of the Lie algebra 
u(4) is isomorphic to u(l) © u(l) © u(l) © u(l) and called Cartan's 
subalgebra. It is evident, that the Lie algebra 

C = {2ib k s {k \b k e M} (5.16) 

is isomorphic to u(l) © u(l) © u(l) © u(l) and hence, C is Cartan's 
subalgebra of the Lie algebra u(4). Generators t k = 2is^ of the Lie 
algebra (5.16) are called spinorial generators. They are normalized by 
the same identity tr(ifc 2 ) = —4 as vectors of antihermitian basis (2.8) 
and Gell-Mann's basis (2.20). 
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Let us consider a Dirac-Maxwell system of 7-equations with the 
Abelian gauge algebra C = u(l) © u(l) © u(l) © u(l) and with spinorial 
generators tk = 2is ( - k \ k = 1, 2, 3, 4 

ie^(d^ - *a M ) - m^N = 0, 

I (e^A) - F = 0, (5.17) 

e C d » F = ~ et k® * 

where f S Tc, = aj* fc = 2iaJaW, A = a^ c , F = ^ fl<u f^t k e^, 
e = ±1, AT = g M fc ), g fc = ±1. 

Theorem 3. The system of equations (5.17) is equivalent to four 
systems of equations (I = 1, 2, 3, 4) 

aX-^-/^ = 0, (5.18) 
^ = e^(V (0 ), 

where V^'- 1 is a column number I of the corresponding (in representation 
(1. 4)) matrix *,^ = ^) e ^(0 ; e li = g lll/ e v , f l IH/ = -fl li fi>v. 

Proof. We multiply from right each of three equations (5.17) by s®, 
I = 1,2,3,4. As a result we get four systems of equations that are 
equivalent to appropriate systems (5.18). To prove the equivalence of 
the appropriate right hand parts of Maxwell's equations we have to use 
formulas (3.12) and (3.18) . 

Let us note, that wave functions ip® from the theorem 3 can be 
regarded as wave functions of four different particles with the same 
mass, each of which interacts with its own gauge field. It is essential to 
try to generalize our considerations for the descriptions of four particles 
with different masses. 

Let us consider an equation (3.1) where m = 1, [N, K] = 0, A^ 2 + 
K 2 = M 2 , M = diag(mi, 777.2,777.3, 7724), mi > 0. In that case a solution 
^ of the equation (3.1) also satisfies an equation 

2 V + I'M 2 = 0. 



mysubmit.tex - Date: February 7, 2008 Time: 15:44 



228 



Dirac 7-Equation, Classical Gauge Fields and Clifford Algebra N. G.Marchuk 



Multiplying from right this equation on and denoting ip® = Vl/s^, 
we come to four Klein-Gordon's equations 

(f + m?)^) = 0, 1 = 1,2,3,4. 

Now we can consider a Dirac-Maxwell system of 7-equations (5.17), 
where m = 1, N = M. This system is reduced to four systems of 
equations 

ie lx {d j j i — ia l — miip^ = 0, 
8^1-^-/^ = 0, (5.19) 

which describe wave functions of four spin 1/2 particles with masses 

mi, I = 1, 2, 3, 4 interacting with the gauge fields ap} , each of which can 
be identified with electromagnetical field. If we suggest, that mi, 1712,1713 
are masses of electron, muon and r-particle respectively, and 771.4 is a 
mass of yet undiscovered heavy lepton, or 1714 = 00, then we get, that 
7-equation (5.17) in case m = 1, N = M and equations (5.19) describe 
four (or three) generations of charged leptons. In the same way we can 
describe four (or three) generations of quarks, but in that case we have 
to use Dirac's 7-equation with wave function from M(3,C) <8> Yq- 



Let us make two final remarks. 

It can be shown, that the Dirac 7-equation (3.1) is invariant under 
Lorentz transformation of space-time in the same manner as a standard 
Dirac equation. This question will be discussed in next publication. 

In our approach to the gauge fields theory a maximal gauge group of 
the Dirac 7-equation is U(4), which contain subgroups U(l), SU(2), SU(3) 
of Standard Model describing interactions of elementary particles. One 
of important problem of modern theoretical physics is to develop a vari- 
ant of gauge fields theory which would unify strong and electroweak 
interactions of elementary particles. We see three possibilities to use 
described construction for the development of GUT. The first possi- 
bility is to develop GUT on the basis of U(4) gauge group. There are 
several variants of preon models with SU(4) gauge symmetry. The sec- 
ond possibility is to suppose that physical space has a dimension n > 4 
(like in Kaluza-Klein theory) and hence, it is possible to use the Dirac 
7-equation with a gauge group bigger than U(4). The third possibili- 
ty is to develop a generalized Dirac 7-equation on the basis of algebra 
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M(n, C) <S> Tq instead of Tc- Such a generalization will have U(n) gauge 
symmetry. 
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